We show that Euler sums of generalized hyperharmonic numbers can be evaluated in terms of Euler sums of generalized harmonic numbers and special values of the Riemann zeta function. Then we focus on the non-integerness of generalized hyperharmonic numbers. We prove that almost all generalized hyperharmonic numbers are not integers and our error term is sharp and the best possible. Finally, we analyze generalized hyperharmonic numbers in terms of topology and relate this to non-integerness. Classification (2010) . 11B83, 5A10, 11B75
Introduction
The goal of this paper is to study Euler sums and non-integerness of generalized hyperharmonic numbers. In order to achieve this, we make use of a recurrence relation of these numbers and the distribution of prime numbers. Before stating our results, we first give the necessary definitions. The sequence of partial sums of the harmonic series is called harmonic numbers, namely h n = n k=1 1 k for n ≥ 1. These numbers have been studied recurrently and exponentially. It is wellknown that
and a finer one is Linking the sum of the first n positive integers with the sum of their reciprocals, that is to say with harmonic numbers, Ramanujan gave the striking asymptotic 9 − · · · as n goes to infinity where m = n(n + 1) 2 = 1 + 2 + · · · + n is the n-th triangular number. For the details, we refer the reader to page 531 of [6] . The n-th generalized harmonic number of order m, namely H (m) n , is defined as
is the polylogarithm function. Special values of the zeta function
are called Euler sums. In other words, for any integers m ≥ 1 and k ≥ 2, the sum E m (k) is called an Euler sum. For m = 1 and k ≥ 2 an integer, Euler proved that [7] . For more on the analytic properties of harmonic numbers and approximation type results, we refer the reader to [1] . Next, we define hyperharmonic numbers. Hyperharmonic numbers were first defined in the book of Conway and Guy [10] and they are another generalization of harmonic numbers. The n-th hyperharmonic number of order r is defined recursively by
where h
(1) n = h n . By [10] , one has that h (r) n can be expressed in terms of binomial coefficients and harmonic numbers with the formula
Mező [15] conjectured that hyperharmonic numbers are never integers except 1, that is to say if n ≥ 2 then h (r) n cannot be an integer. The case r = 1 was already proved by Theisinger [17] . Based on three different approaches, namely analytic, combinatorial and algebraic, the authors [11] proved that almost all hyperharmonic numbers are not integers. This yields an almost answer to Mező's problem [15] . Moreover, in the same paper [11] , it was deduced that if n is even or a prime power, or r is odd then the corresponding hyperharmonic number is not integer.
Extending the definition of h (r) n and H (m) n simultaneously, generalized hyperharmonic numbers (see [9] ) are defined by
as defined by (1.5). In [9] , Dirichlet series with generalized hyperharmonic numbers were computed in terms of the values of the Hurwitz zeta function. In the same paper, they also gave a combinatorial identity for generalized hyperharmonic numbers given by 
Now we explain our results. Throughout the article, we let n, m, r, k to be positive integers. Our first result states that Euler sums of generalized hyperharmonic numbers can be computed in terms of ordinary Euler sums and special values of the Riemann zeta function. For complex numbers z 1 , . . . , z , let z 1 , . . . , z Q denote the vector space generated by z 1 , . . . , z over Q. Euler sums of hyperharmonic numbers and analytic continuation of their Dirichlet series were studied in [8, 14] . The next result is a structural theorem on Euler sums of generalized hyperharmonic numbers and generalizes the corresponding results of [8, 14] .
where m, r ≥ 1 and (s) > r. For any integer k ≥ r + 1, the function ζ H (m,r) (k) can be written as a finite Q-linear combinations of ordinary Euler sums and special values of the Riemann zeta function. Moreover, we have
and all rational coefficients are effectively computable in this expression. Furthermore, the function ζ H (m,r) (s) has a meromorphic continuation to the whole complex plane.
Some remarks are as follows: even in the case r = 2 and m + k is odd, it does not seem that the corresponding Euler sum ζ H (m,r) (k) can be expressed as a Q-linear combinations of at most two products of special values of the Riemann zeta functions as in equation (1.6), see also [7] . Therefore the representation given in Theorem 1.1 seems to be the best possible one.
Our second theorem generalizes the result in [9] and it reveals the existence of plentiful non-integer generalized hyperharmonic numbers. (1) For any prime p and k ≥ 1, if n = p k then H (m,r) n is not an integer.
(2) Let p be the maximum prime that is less than n. If for all c ∈ N, we have that
is not an integer. In fact, for sufficiently large
In particular for a given r, if n is large enough, then the corresponding H
In other words, S(x) counts the number of pairs (n, r) in the rectangle [0, x] × [0, x] where the corresponding hyperharmonic number h (r) n is not an integer. In [2, 11] , it was obtained that
which means that non-integer hyperharmonics have the full asymptotic in the first quadruple. This result is based on primes in short intervals. Our third theorem extends this result to generalized hyperharmonic numbers.
(1) For sufficiently large n, the set of integers r with H (m,r) n / ∈ Z contains a set of density
In particular, this density goes to 1, if one of n or m tends to infinity.
In other words for a fixed m ≥ 2, almost all generalized hyperharmonic numbers are not integers.
Now we consider the case where m is also not fixed. We obtain that almost all generalized hyperharmonic numbers are not integers as well. The following result is sharp and the best possible as for n = 1, H (m,r) n = 1 which is independent from the choice of m and r. That is to say, the error term O x 2 in the following theorem is inevitable and one cannot give a better error term.
This means that almost all generalized hyperharmonic numbers are not integers.
Next, we analyze generalized hyperharmonic numbers in terms of topology, and this leads to non-integerness of these numbers. Also the first part of the following theorem gives a characterization of Mező's problem [15] . 
Note that one can obtain Theorem 1.5 (3) from Theorem 1.2 (4) in an effective way. However, from topological point of view, this part follows immediately. Now we fix our notations in this paper: we denote p as a prime, unless it is stated otherwise. Also for a given a ∈ Z, we define
as the p-adic valuation of a. Here p m a means p m | a but p m+1 a. We extend this notation to a rational number q = a/b ∈ Q by ν p (q) = ν p (a) − ν p (b) where a, b ∈ Z. Note that for any q 1 , q 2 ∈ Q, we have 12) and the last property is called the non-Archimedian property of the p-adic valuation. Moreover we have equality in (1.12) if ν p (q 1 ) = ν p (q 2 ) .
Next we define the big-O notation as given in [3] . Let g(x) be a function from R to itself and suppose that g(x) > 0 for x ≥ a, where a is a real number. We use the notation
to mean that there exists a constant c > 0 such that
We write f (x) = O (g(x)) to indicate that the big-O constant may depend on . We say that f (x) is asymptotic to
Proofs
Proof of Theorem 1.1. By (1.11), we know that
Taking derivatives of both sides and using the equality
This yields by (1.11) again that
By adjusting the index and comparing the coefficients, we obtain the following recurrence relation:
(2.1)
To prove the first part of the theorem, we proceed by induction on r and we apply equation (2.1). If r = 1, then it is clear. Moreover if m = 1 then the theorem follows from [8, 14] . Now suppose the theorem for 1 ≤ j ≤ r, and we will show it for r + 1 where m ≥ 2. By the recursion formula (1.9) for any p ≥ 1, we know that So the corresponding zeta function can be found as
By induction, we know that each of the summands on the right hand side of (2.2) can be written as a finite Q-linear combinations of ordinary Euler sums and special values of the Riemann zeta function, when s = k ≥ r + 1. Moreover by equation (2.2) and induction on r, we deduce that
For the last part of the theorem, when r = 1, the meromorphic continuation follows from [4] . If m = 1, then by [14] we finish the proof again. So suppose that m, r ≥ 2. Now by induction on r and the functional equation (2.2), we obtain the meromorphic continuation of ζ H (m,r) (s) to the whole complex plane.
Proof of Theorem 1.2 (1) . Let n = p k . By equation (1.10), we have
Note that ν p (j) < k, for any j ∈ {1, . . . , n − 1} . Therefore
So by the non-Archimedian property of the p-adic valuation, we deduce that
As k, m ≥ 1, the non-integerness follows by the previous equation.
Proof of Theorem 1.2 (2) . Let p be the largest prime that is less than n. From the first part of the theorem, we may suppose that n is not a prime. By the Bertrand's Postulate, we know that n 2 < p < n < 2p. Therefore, we get
Notice that the first summand in equation (2.3) has a positive p-adic valuation as there is only one multiple of p in [1, n] . Now we analyze the second summand. Observe that n − p + r − 1 r − 1 = r(r + 1) · · · (n − p + r − 1) (n − p)! .
Note that there exists at most one multiple of p in [r, n − p + r − 1], since the length of the corresponding interval is n − p and n − p < p. As cp m / ∈ [r, n − p + r − 1] for any c ∈ N, we deduce that p m r(r + 1) · · · (n − p + r − 1). Therefore . Now suppose that n is sufficiently large. By [5] , we know that the prime p lies in the interval (n−n 0.525 , n). Hence n − p < n 0.525 , which implies that [r, n − p + r − 1] ⊆ [r, r + n 0.525 − 1]. By the argument above, we see that if cp m / ∈ [r, r + n 0.525 − 1] for any c ∈ N, then the non-integerness follows.
Proof of Theorem 1.2 (3) . Suppose that r ≤ n − n 0.525 m − n 0.525 + 1. Again we may assume by the first part of Theorem 1.2 that n is not a prime. Since n is sufficiently large, we obtain that the largest prime p that is less than n satisfies the inequality n − n 0.525 < p < n. Therefore n − p < n 0.525 , which implies that Proof of Theorem 1.4. We will use the part (2) of Theorem 1.3. Note that we cannot apply this part directly, as the big-O term depends on m as well. So our method to obtain the theorem will be more delicate. Observe that
(2.10)
Now we split equation (2.10) into three parts, i.e.
where if m ≥ 4. Now consider the following Figure 2 . is not an integer.
By the argument in Theorem 1.3 (2) and equation (2.15) , we obtain that 
For the last sum, note that and this concludes the theorem.
Concluding remarks
As we mentioned earlier, currently we do not have any such fundamental equation like (1.8) for generalized hyperharmonic numbers when m ≥ 2. Therefore, it is hard to adapt combinatorial and algebraic approaches which were given in [11] , since there does not exist any fixed binomial term that we can compute its p-adic valuation for a given prime p. Moreover, it can be shown by using [16] that there are some generalized hyperharmonic numbers whose 2-adic valuation is greater than 0. The following Table 1 As it can be seen from these values, one cannot give the upper bound 0 for the 2-adic valuation of H (m,r) n unlike the hyperharmonic case which is obtained in [13, Corollary 3.7] . Moreover, it was proved in [11, Theorem 2] that if n is even or r is odd, then the corresponding hyperharmonic number h (r) n is not an integer, as ν 2 h (r) n ≤ −1. However, this does not work for generalized hyperharmonic numbers, as we see from the table above.
